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Algebraic Topology and Modular Forms
M. J. Hopkins∗
1. Introduction
The problem of describing the homotopy groups of spheres has been funda-
mental to algebraic topology for around 80 years. There were periods when specific
computations were important and periods when the emphasis favored theory. Many
mathematical invariants have expressions in terms of homotopy groups, and at dif-
ferent times the subject has found itself located in geometric topology, algebra,
algebraic K-theory, and algebraic geometry, among other areas.
There are basically two approaches to the homotopy groups of spheres. The
oldest makes direct use of geometry, and involves studying a map f : Sn+k → Sn in
terms of the inverse image f−1(x) of a regular value. The oldest invariant, the degree
of a map, is defined in this way, as was the original definition of the Hopf invariant.
In the 1930’s Pontryagin1 [43, 42] showed that the homotopy class of a map f is
completely determined by the geometry of the inverse image f−1(Bǫ(x)) of a small
neighborhood of a regular value. He introduced the basics of framed cobordism
and framed surgery, and identified the group πn+kS
n with the cobordism group of
smooth k-manifolds embedded in Rn+k and equipped with a framing of their stable
normal bundles.
The other approach to the homotopy groups of spheres involves comparing
spheres to spaces whose homotopy groups are known. This method was introduced
by Serre [50, 51, 16, 15] who used Eilenberg-MacLane spacesK(A, n), characterized
by the property
πiK(A, n) =
{
A i = n
0 otherwise.
By resolving a sphere into Eilenberg-MacLane spaces Serre was able to compute
πk+nS
n for all k ≤ 8.
For some questions the homotopy theoretic methods have proved more power-
ful, and for others the geometric methods have. The resolutions that lend themselves
to computation tend to use spaces having convenient homotopy theoretic proper-
ties, but with no particularly accessible geometric content. On the other hand, the
geometric methods have produced important homotopy theoretic moduli spaces and
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relationships between them that are difficult, if not impossible, to see from the point
of view of homotopy theory. This metaphor is fundamental to topology, and there is
a lot of power in spaces, like the classifying spaces for cobordism, that directly relate
to both geometry and homotopy theory. It has consistently proved important to
understand the computational aspects of the geometric devices, and the geometric
aspects of the computational tools.
A few years ago Haynes Miller and I constructed a series of new cohomology
theories, designed to isolate certain “sectors” of computation. These were successful
in resolving several open issues in homotopy theory and in contextualizing many
others. There seemed to be something deeper going on with one of them, and in [27]
a program was outlined for constructing it as a “homotopy theoretic” moduli space
of elliptic curves, and relating it to the Witten genus. This program is now complete,
and we call the resulting cohomology theory tmf (for topological modular forms).
The theory of topological modular forms has had applications in homotopy theory,
in the theory of manifolds, in the theory of lattices and their θ-series, and most
recently seems to have an interesting connection with the theory of p-adic modular
forms. In this note I will explain the origins and construction of tmf and the way
some of these different applications arise.
2. Sixteen homotopy groups
By the Freudenthal suspension theorem, the value of the homotopy group
πn+kS
n is independent of n for n > k+1. This group is kth stable homotopy group
of the sphere, often written πstk (S
0), or even as πkS
0 if no confusion is likely to
result. In the table below I have listed the values of πn+kS
n for n≫ 0 and k ≤ 15.
k 0 1 2 3 4 5 6 7 8
πn+kS
n Z Z/2 Z/2 Z/24 0 0 Z/2 Z/240 Z/2⊕ Z/2
9 10 11 12 13 14 15
(Z/2)3 Z/6 Z/504 0 Z/3 (Z/2)2 Z/2⊕ Z/480
In geometric terms, the group πn+kS
n is the cobordism group of stably framed
manifolds, and a homomorphism from πn+kS
n to an abelian group A is a cobordism
invariant with values in A. The groups in the above table thus represent universal
invariants of framed cobordism. Some, but not all of these invariants have geometric
interpretations.
When k = 0, the invariant is simply the number of points of the framed 0-
manifold. This is the geometric description of the degree of a map.
When k = 1 one makes use of the fact that any closed 1-manifold is a disjoint
union of circles. The Z/2 invariant is derived from the fact that a framing on S1
differs from the framing which bounds a framing ofD2 by an element of π1SO(N) =
Z/2.
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There is an interesting history to the invariant in dimension 2. Pontryagin
originally announced that the group πn+2S
n is trivial. His argument made use of
the classification of Riemann surfaces, and a new geometric technique, now known
as framed surgery. He later [44] correctly evaluated this group, but for his corrected
argument didn’t need the technique of surgery. Surgery didn’t reappear in again
until around 1960, when it went on to play a fundamental role in geometric topology.
The invariant is based on the fact that a stable framing of a Riemann surface Σ
determines a quadratic function φ : H1(Σ;Z/2) → Z/2 whose underlying bilinear
form is the cup product. To describe φ, note that each 1-dimensional cohomology
class x ∈ H1(Σ) is Poincare´ dual to an oriented, embedded 1-manifold, Cx, which
inherits a framing of its stable normal bundle from that of Σ. The manifold Cx
defines an element of πst1 S
0 = Z/2, and the value of φ(x) is taken to be this element.
The cobordism invariant in dimension 2 is the Arf invariant of φ.
A similar construction defines a map
πst4k+2S
0 → Z/2. (2.1)
In [14] Browder interpreted this invariant in homotopy theoretic terms, and showed
that it can be non-zero only for 4k + 2 = 2m − 2. It is known to be non-zero for
πst2 S
0, πst6 S
0, πst14S
0, πst30S
0 and πst62S
0. The situation for πst2m−2S
0 with m > 6 is
unresolved, and remains an important problem in algebraic topology. More recently,
the case k = 1 of (2.1) has appeared in M -theory [58]. Building on this, Singer and
I [26] offer a slightly more analytic construction of (2.1), and relate it to Riemann’s
θ-function.
Using K-theory, Adams [2] defined surjective homomorphisms (the d and e-
invariants)
π4n−1S
0 → Z/dn,
π8kS
0 → Z/2,
π8k+1S
0 → Z/2⊕ Z/2,
π8k+2S
0 → Z/2.
where dn denotes the denominator of B2n/(4n). He (and Mahowald [35]) showed
that they split the inclusion of the image of the J-homomorphism, making the
latter groups summands. A geometric interpretation of these invariants appears in
Stong [53] using Spin-cobordism, and an analytic expression for the e-invariant in
terms of the Dirac operator appears in the work of Atiyah, Patodi and Singer [7, 8].
The d-invariants in dimensions (8k + 1) and (8k+ 2) are given by the mod 2 index
of the Dirac operator [11, 10].
This more or less accounts for the all of the invariants of framed cobordism that
can be constructed using known geometric techniques. In every case the geometric
invariants represent important pieces of mathematics. What remains is the following
list of homotopy theoretic invariants having no known geometric interpretation:
· · · 8 9 10 11 12 13 14 15
· · · Z/2 Z/2 Z/3 Z/3 Z/2 Z/2
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This part of homotopy theory is not particularly exotic. In fact it is easy to give
examples of framed manifolds on which the geometric invariants vanish, while the
homotopy theoretic invariants do not. The Lie groups SU(3), U(3), Sp(2), Sp(1)×
Sp(2), G2, U(1)×G2 have dimensions 8, 9, 10, 13, 14, and 15, respectively. They
can be made into framed manifolds using the left invariant framing, and in each case
the corresponding invariant is non-zero. We will see that the theory of topological
modular forms accounts for all of these invariants, and in doing so relates them to
the theory of elliptic curves and modular forms. Moreover many new invariants are
defined.
3. Spectra and stable homotopy
In order to explain the theory of topological modular forms it is necessary to
describe the basics of stable homotopy theory.
3.1. Spectra and generalized homology
Suppose that X is an (n − 1)-connected pointed space. By the Freudenthal
Suspension Theorem, the suspension homomorphism
πn+k(X)→ πn+k+1ΣX
is an isomorphism in the range k < 2n− 1. This is the stable range of dimensions,
and in order to isolate it and study only and stable homotopy theory one works in
the category of spectra.
Definition 3.2 (see [34, 23, 19, 20, 4]) A spectrum E consists of a sequence of
pointed spaces En, n = 0, 1, 2, . . . together with maps
sEn : ΣEn → En+1 (3.3)
whose adjoints
tEn : En → ΩEn+1 (3.4)
are homeomorphisms.
A map E → F of spectra consists of a collection of maps
fn : En → Fn
which is compatible with the structure maps tEn and t
F
n .
For a spectrum E = {En, tn} the value of the group πn+kEn is independent of
n, and is written πnE. Note that this makes sense for any n ∈ Z. More generally, for
any pointed space X , the E-homology and E-cohomology groups of X are defined
as
Ek(X) = [ΣnX,En+k],
Ek(X) = lim−→
πn+kEn ∧X.
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Any homology theory is represented by a spectrum in this way, and any map of
homology theories is represented (not necessarily uniquely) by a map of spectra.
For example, the spectrum HA with HAn the Eilenberg-MacLane space K(A, n)
represents ordinary homology with coefficients in an abelian group A.
3.2. Suspension spectra and Thom spectra
In practice, spectra come about from a sequence of spaces Xn and maps tn :
ΣXn → Xn+1. If each of the maps tn is a closed inclusion, then the collection of
spaces
(LX)k = lim−→
ΩnXn+k
forms a spectrum. In case Xn = S
n, the resulting spectrum is the sphere spectrum
and denoted S0. By construction
πkS
0 = πstk S
0 = πn+kS
n n≫ 0.
In caseXn = Σ
nX , the resulting spectrum is the suspension spectrum ofX , denoted
Σ∞X (or just X when no confusion with the space X is likely to occur). Its
homotopy groups are given by
πkΣ
∞X = πstk X = πn+kΣ
nX n≫ 0,
and referred to as the stable homotopy groups of X .
Another important class of spectra are Thom spectra. Let BO(n) denote the
Grassmannian of n-planes in R∞, and MO(n) the Thom complex of the universal
n-plane bundle over BO(n). The natural maps
ΣMO(n)→MO(n+ 1)
lead to a spectrum MO, the unoriented bordism spectrum. This spectrum was
introduced by Thom [54], who identified the group πkMO with the group of cobor-
dism classes of k-dimensional unoriented smooth manifolds. Using the complex
Grassmannian instead of the real Grassmannian leads to the complex cobordism
spectrum MU . The group πkMU can be interpreted as the group of cobordism
classes of k-dimensional stably almost complex manifolds [39]. More generally, a
Thom spectrum Xζ is associated to any map
ζ : X → BG
from a space X to the classifying space BG for stable spherical fibrations.
The groups πkMO and πkMU have been computed [54, 39], as many other
kinds of cobordism groups. The spectra representing cobordism are among the few
examples that lend themselves to both homotopy theoretic and geometric investi-
gation.
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3.3. Algebraic structures and spectra
The set of homotopy classes of maps between spectra is an abelian group, and
in fact the category of abelian groups makes a fairly good guideline for contemplating
the general structure of the category of spectra. In this analogy, spaces correspond
to sets, and spectra to abelian groups. The smash product of pointed spaces
X ∧ Y = X × Y/(x, ∗) ∼ (∗, y)
leads to an operation E ∧ F on spectra analogous to the tensor product of abelian
groups. Using this “tensor structure” one can imitate many constructions of algebra
in stable homotopy theory, and form analogues of associative algebras (A∞-ring
spectra), commutative algebras (E∞-ring spectra), modules, etc. The details are
rather subtle, and the reader is referred to [20] and [29] for further discussion.
The importance of refining common algebraic structures to stable homotopy
theory has been realized by many authors [38, 20, 55, 56], and was especially advo-
cated by Waldhausen.
The theory of topological modular forms further articulates this analogy. It
is built on the work of Quillen relating formal groups and complex cobordism.
In [45], Quillen portrayed the complex cobordism spectrum MU as the universal
cohomology theory possessing Chern classes for complex vector bundles (a complex
oriented cohomology theory). These generalized Chern classes satisfy a Cartan
formula expressing the Chern classes of a Whitney sum in terms of the Chern
classes of the summands. But the formula for the Chern classes of a tensor product
of line bundles is more complicated than usual one. Quillen showed [45, 4] that it
is as complicated as it can be. If E is a complex oriented cohomology theory, then
there is a unique power series
F [s, t] ∈ π∗E[[s, t]]
with the property that for two complex line bundles L1 and L2 one has
c1(L1 ⊗ L2) = F [c1(L1), c1(L2)].
The power series F [s, t] is a formal group law over π∗E. Quillen showed that when
E = MU , the resulting formal group law is universal in the sense that if F is
any formal group law over a ring R, then there is a unique ring homomorphism
MU∗ → R classifying F . In this way the complex cobordism spectrum becomes a
topological model for the moduli space of formal group laws.
3.4. The Adams spectral sequence
There are exceptions, but for the most part what computations can be made
of the stable and unstable homotopy groups involve approximating a space by the
spaces of a spectrum E whose homotopy groups are known, or at least qualitatively
understood. A mechanism for doing this was discovered by Adams [1] in the case
E = HZ/p, and later for a general cohomology theory by both Adams [3, 5] and
Novikov [41, 40]. The device is known as the E-Adams spectral sequence for X ,
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or, in the case E = MU , the Adams-Novikov spectral sequence for X (or, in case
X = S0, just the Adams-Novikov spectral sequence).
The Adams-Novikov spectral sequence has led to many deep insights in alge-
braic topology (see, for example, [47, 48] and the references therein). It is usually
displayed in the first quadrant, with the groups contributing to πkS
0 all having x-
coordinate k. The y-coordinate is the MU -Adams filtration, and can be described
as follows: a stable map f : Sk → S0 has filtration ≥ s if there exists a factorization
Sk = X0 → X1 → · · · → Xs−1 → Xs = S
0
with the property that each of the maps MU∗Xn → MU∗Xn+1 is zero. There is
a geometric interpretation of this filtration: a framed manifold M has filtration
≥ s if it occurs as a codimension n corner in a manifold N with corners, equipped
with suitable almost complex structures on its faces (see [32]). The Adams-Novikov
spectral starts with the purely algebraic object
Es,t2 = Ext
s,t
MU∗MU
(MU∗,MU∗) .
The quotient of the subgroup of πkS0 consisting of elements of Adams-Novikov
filtration at least s, by the subgroup of those of filtration at least (s + 1) is a
sub-quotient of the group Exts,t with (t− s) = k.
3.5. Asymptotics
For a number k, let g(k) = s be the largest integer s for which πkS
0 has a non-
zero element of Adams-Novikov filtration s. The graph of g is the MU -vanishing
curve, and the main result of [18] is equivalent to the formula
lim
k→∞
g(k)
k
= 0.
This formula encodes quite a bit of the large scale structure of the category of
spectra (see[18, 28, 48]), and it would be very interesting to have a more accurate
asymptotic expression. This is special to complex cobordism. In the case of the
original Adams spectral sequence for a finite CW complex X (based on ordinary
homology with coefficients in Z/p), it can be shown [25] that
lim
k→∞
g
HZ/p
X (k)
k
=
1
2(pm − 1)
,
for some m. This integer m is an invariant of X know as the “type” of X . It
coincides with the largest value m for which the Morava K-group K(m)∗X is non-
zero. For more on the role of this invariant in algebraic topology, see [28, 22].
Now the E2-term of the Adams-Novikov spectral sequence is far from being
zero above the curve g(n), and a good deal of what happens in spectral sequence
has to do with getting rid of what is up there. A few years ago, Haynes Miller,
and I constructed a series of spectra designed to classify and capture the way this
happens. We were motivated by connective KO-theory, whose Adams-Novikov
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spectral sequence more or less coincides with the Adams-Novikov spectral for the
sphere above a line of slope 1/2, and is very easy to understand below that line
(and in fact connective KO can be used to capture everything above a line of slope
1/5 [37, 33, 36]). By analogy we called these cohomology theories EOn. These
spectra were used to solve several problems about the homotopy groups of spheres.
The theory we now call tmf was originally constructed to isolate the “slope
1/6th-sector” of the Adams Novikov spectral sequence, and in [?], for the reasons
mentioned above, it was called eo2. In the next section the spectrum tmf will
be constructed as a topological model for the moduli space (stack) of generalized
elliptic curves.
4. tmf
4.1. The algebraic theory of modular forms
Let C be the projective plane curve given by the Weierstrass equation
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6 (4.5)
over the ring
A = Z[a1, a2, a3, a4, a6].
Let
A∗ =
⊕
n∈Z
A2n,
be the graded ring with
A2n = H
0(C; (Ω1C/A)
⊗n).
If u ∈ A2 is the differential
u =
dx
2y + a1x+ a3
,
then
A∗ ≈ A[u
±1].
The A-module A2 is free over A of rank 1, and is the module of sections of the
line bundle
ω := H0 (OC(−e)/OC(−2e)) ≈ p∗Ω
1C.
In this expression p : C → SpecA is the structure map, and e : SpecA→ C is the
point at ∞.
Let G be the algebraic group of projective transformations
x 7→ λ2x+ r,
y 7→ λ3y + sx+ t.
Such a transformation carries C to the curve C′ defined by an equation
y2 + a′1xy + a
′
3y = x
3 + a′2x
2 + a′4x+ a
′
6,
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for some a′i. This defines an action of G on A∗. The ring of invariants
H0(G;A∗)
is the ring of modular forms over Z.
The structure of H0(G;A∗) was worked out by Tate (see Deligne [17]). After
inverting 6 and completing the square and the cube, equation (4.5) can be put in
the form
y˜2 = x˜3 + c˜4 x˜+ c˜6 c˜4, c˜6 ∈ A[
1
6 ],
with
x˜ = x+
a21 + 4a2
12
y˜ = y +
a1x+ a3
2
.
The elements
c4 = 48 u
4c˜4,
c6 = 864 u
6c˜6,
lie in A∗, and
H0(G;A∗) = Z[c4, c6,∆]/(c
3
4 − c
2
6 = 1728∆).
We’ll write
Mn = H
0(G;A2n)
for the homogeneous part of degree 2n. It is the group of modular forms of weight
n over Z.
4.2. The topological theory of modular forms
In [27, 24] it is shown that this algebraic theory refines from rings to ring
spectra, leading to a topological model for the theory of elliptic curves and modular
forms. Here is a rough idea of how it goes.
The set of regular points of C has a unique group structure in which the point
at∞ is the identity element, and in which collinear points sum to zero. Expanding
the group law in terms of the coordinate t = x/y gives a formal group law
Cf [s, t] ∈ A[[s, t]]
over A, which, by Quillen’s theorem (see §3.3.) is classified by a graded ring homo-
morphism
MU∗ → A∗.
The functor
X 7→MU∗(X)⊗MU∗ A∗
is not quite a cohomology theory, but it becomes one after inverting c4 or ∆.
Based on this, a spectrum EA can be constructed with
π∗EA = A∗,
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and representing a complex oriented cohomology theory in which the formula for
the first Chern class of a tensor product of complex line bundles is given by
c1(L1 ⊗ L2) = u
−1 Cf (u c1(L1), u c1(L2)) .
A spectrum EG can be constructed out of the affine coordinate ring of G in a similar
fashion, as can an “action” of EG on EA. The spectrum tmf is defined to be the
(−1)-connected cover of the homotopy fixed point spectrum of this group action.
To actually carry this out requires quite a bit of work. The difficulty is that
the theory just described only defines an action of EG on EA up to homotopy, and
this isn’t rigid enough to form the homotopy fixed point spectrum. In the end it
can be done, and there turns out to be an unique way to do it.
4.3. The ring of topological modular forms
The spectrum tmf is a homotopy theoretic refinement of the ring H0(G;A∗),
there is a spectral sequence
Hs (G;At)⇒ πt−s tmf .
The ring π∗ tmf is the ring of topological modular forms, and the group π2n tmf the
group of topological modular forms of weight n. The edge homomorphism of this
spectral sequence is a homomorphism
π2n tmf →Mn.
This map isn’t quite surjective, and there is the following result of myself and Mark
Mahowald
Proposition 4.6 The image of the map π2∗ tmf → M∗ has a basis given by the
monomials
ai,j,k c
i
4c
j
6∆
k i, k ≥ 0, j = 0, 1
where
ai,j,k =


1 i > 0, j = 0
2 j = 1
24/ gcd(24, k) i, j = 0.
In the table below I have listed the first few homotopy groups of tmf
k 0 1 2 3 4 5 6 7 8
πk tmf Z Z/2 Z/2 Z/24 0 0 Z/2 0 Z⊕ Z/2
9 10 11 12 13 14 15
(Z/2)2 Z/6 0 Z Z/3 Z/2 Z/2
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The homotopy homomorphism induced by the unit S0 → tmf of the ring tmf is the
“tmf-degree,” a ring homomorphism
π∗S
0 → π∗ tmf .
The tmf-degree is an isomorphism in dimensions ≤ 6, and it take non-zero values on
each of the classes represented by the Lie groups SU(3), U(3), Sp(2), Sp(1)×Sp(2),
G2, U(1)×G2, regarded as framed manifolds via their left invariant framings. Thus,
combined with the Hopf-invariant and the invariants coming from KO-theory, the
tmf-degree accounts for all of π∗S
0 for ∗ ≤ 15. In fact the Hopf-invariant and the
invariants coming from KO can also be described in terms of tmf and nearly all of
π∗S
0 for ∗ < 60 can be accounted for.
5. θ-series
5.1. Cohomology rings as rings of functions
Consider the computation
H∗(CP∞;Z) = Z[x].
On one hand this tells us something about the cell structure of complex projective
space; the cohomology class xn is “dual” to the cell in dimension 2n. On the other
hand, a polynomial is a function on the affine line, and the elements of H∗(CP∞)
tell us something about the affine line. Combining these, the prospect presents
itself, of using the cell structure of one space to get information about the function
theory of another.
We will apply this not to ordinary cohomology, but to the cohomology theory
EA. Before doing so, more of the function theoretic aspects of EA need to be
spelled out. By construction, the ring E0A(CP
∞) is the ring of functions on the
formal completion of C at the point e at ∞. The ring E0A(HP
∞) is the ring of
functions which are invariant under the involution
τ(x) = x
τ(y) = −y − a1x− a3
(5.7)
given by the “inverse” in the group law. The map
E0A(CP
∞)→ E0A(pt)
corresponds to evaluation at e, and the reduced cohomology group E˜0A(CP
∞) to
the ideal of formal function vanishing at e. Note that this is consistent with the
definition of A2 as sections of the line bundle ω:
A2 = π2EA = E˜
0
A(S
2) = I/I2 = H0 (OC(−e)/OC(−2e)) .
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Now E˜0A(CP
∞) is the cohomology group of the Thom complex E0A(CP
∞L). More
generally, there is an additive correspondence
{virtual representations of U(1)} ↔ {divisors on C} ,
under which a virtual representation V corresponds to a divisor D for which
E0
(
(CP∞)V
)
= H0
(
Cf ; ′(D)⊗
(
Ω1
)⊗µ(V ))
,
where µ(V ) is the multiplicity of the trivial representation in V . There is a similar
correspondence between even functions with divisors of the form D + τ∗D, virtual
representations V of SU(2) and E0A
(
(HP∞)V
)
(with τ the involution (5.7)).
5.2. The Hopf fibration and the Weierstrass P-function
Consider the function x in the Weierstrass equation (4.5). This function has a
double pole at e. We now ask if there is a “best” x to choose, ie, a function with a
double pole at e which is invariant under the action of r, s and t. Such a function
will be an eigenvector for λ with eigenvalue λ2. It is more convenient to search for
an quantity which is invariant under λ as well, so instead we search for a quadratic
differential on C, i.e. a section
x′ ∈ H0
(
C; Ω1(e)⊗2
)
which is invariant under r, s, t and λ. Now the space H0(C; Ω1(e)2) has dimension
2, and sits in a short exact sequence of vector spaces over SpecA
0→ ω2 → H0(C; Ω1(e)2)→ OA → 0, (5.8)
where ω is the line bundle of invariant differentials on C, and the second map is the
“residue at e”. This sequence is G-equivariant, and defines an element of
Ext1(O, ω2) = H1(G;A4).
The obstruction to the existence of an x′ with residue 1 is the Yoneda class ν of
this extension. Completing the square and cube in (4.5), gives the G-invariant
expression (
12x+ a21 + 4a2
)
u2,
so that 12ν = 0. In fact the group H1(G;A4) is cyclic of order 12 with ν as a
generator. The group π3 tmf = Z/24 is assembled fromH
1(G;A4) andH
3(G;A6) =
Z/2, and sits in an exact sequence
0→ H3(G;A6)→ π3 tmf → H
1(G;A4)→ 0.
This 12 can also be seen transcendentally. Over the complex numbers, a choice
of x is given by the Weierstrass P-function:
P(z, τ) =
1
z2
+
∑
06=(m,n)∈Z2
1
(z −mτ − n)2
−
1
(mτ + n)2
.
Algebraic Topology and Modular Forms 295
The Fourier expansion of P(z, τ) dz2 is (with q = e2π i τ and u = e2π i z)
P(z, τ) dz2 =

∑
n∈Z
qnu
(1− qnu)2
+
1
12
− 2
∑
n≥1
qn
(1− qn)2

(du
u
)2
.
Note that all of the Fourier coefficients of P are integers, except for the constant
term, which is 1/12. This is the same 12.
Under the correspondence between divisors and Thom complexes, the differ-
ential x′ corresponds to a G-invariant element
x′top ∈ E
0
A
(
HP (2−V )
)
,
with V the defining representation of SU(2). Now the spectrum HP 2−V has a
(stable) cell decomposition
HP 2(1−L) = S0 ∪ν e
4 ∪ . . .
with one cell in every real dimension 4k. The 4-cell is attached to the 0-cell by the
stable Hopf map ν : S7 → S4, which generates π3(S
0) = Z/24. The restriction of
the quadratic differential x′top to the zero cell is given by the residue at e, and the
obstruction to the existence of an G-invariant x′top with residue k is the image of k
under the connecting homomorphism
H0(G;A)→ H1
(
G;E0A
(
HP 2−V /S0
))
. (5.9)
To evaluate (5.9), note that the map
H1
(
G;E0A
(
HP 2−V /S0
))
→ H1
(
G;E0A(S
4)
)
= H1 (G;A4)) = Z/12
is projection onto a summand, and the image of (5.9) is contained in this summand.
Thus the obstruction to the existence of the quadratic differential xtop is the same
k ∈ Z/12. In this way, the theory of topological modular forms relates the Hopf
map ν to the constant term in the Fourier expansion of the Weierstrass P-function,
and to the existence of a certain quadratic differential on the universal elliptic curve.
5.3. Lattices and their θ-series
There is a slightly more sophisticated application of these ideas to the theory
of even unimodular lattices. Suppose that L is a positive definite, even unimodular
lattice of dimension 2d. The theta function of L, θL is the generating function
θL(q) =
∑
ℓ∈L
q
1
2
〈ℓ,ℓ〉
=
∑
n≥0
Lnq
n,
Ln = #{ℓ | 〈l, l〉 = 2n}.
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It follows from the Poisson summation formula that θL(q) is the q-expansion of a
modular form over Z of weight d, and so lies in the ring
Z[c4, c6,∆]/(c
3
4 − c
2
6 − 1728∆) ⊂ Z[[q]],
c4 = 1 + 240
∑
n>0
σ3(n)q
n,
c6 = 1− 504
∑
n>0
σ5(n)q
n,
∆ = q
∞∏
n=1
(1− qn)24.
Since the group of modular forms of a given weight is finitely generated, the first
few Ln determine the rest. This leads to many restrictions on the distributions of
lengths of vectors in a positive definite, even unimodular lattice.
The θ-series of L is the value at z = 0 of the θ-function
θ(z, τ) =
∑
ℓ∈L
eπi〈ℓ,ℓ〉τ+2πi〈ℓ,z〉, z ∈ C⊗ L, q = e2πi τ ,
which, under the correspondence between divisors and representations has the fol-
lowing topological interpretation. Let V be any d-dimensional (complex) virtual
representation of U(1)⊗L with the property that c1(V ) = 0 and c2(V ) corresponds
to the quadratic form, under the isomorphism
H2 (B(U(1)⊗ L);Z) = Sym2 L∗.
For example, if A = (aij) is the matrix of the quadratic form with respect to some
basis, then V could be taken to be
V = Cd +
1
2
∑
i,j
aij(1− Li)(1− Lj),
where Li is the character of U(1) ⊗ L dual to the i
th basis element. The series
θ(z, τ) corresponds to a G-invariant element
θtop ∈ E0A((BU(1)⊗ L)
V
).
The restriction of θtop to {pt}
V
= S2n is an element ofH0(G;A2d), i.e. an algebraic
modular form of weight d. This modular form is θL.
Now the Thom spectrum (BU(1)⊗ L)V has a stable cell decomposition
S2d ∪
2d∨
e2d+2 ∪
d(2d+1)∨
e2d+4 ∪ · · · .
Since c1(V ) = 0, the cells of dimension 2d+2 are not attached to the (2d)-cell. The
assumptions on the quadratic form, and on c2(V ) imply that one of the (2d + 4)-
cells is attached to the (2d)-cell by (a suspension of) the stable Hopf map ν. The
presence of this attaching map implies the following mod 24 congruence on θL.
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Theorem 5.10 Suppose L is a positive definite, even unimodular lattice of dimen-
sion 24k. Write
θL(q) = c
3k
4 + x1c
3(k−1)
4 ∆+ · · ·+ xk∆
k.
Then
xk ≡ 0 mod 24. (5.11)
The above result was originally proved by Borcherds [12] as part of his investi-
gation into infinite product expansions for automorphic forms on certain indefinite
orthogonal groups. The above topological proof can be translated into the language
of complex function theory. The details are in the next section.
The congruence of Theorem 5.10 together with Proposition 4.6 give the fol-
lowing
Proposition 5.12 Suppose L is a positive definite, even unimodular lattice of di-
mension 2d. There is an element θtopL ∈ tmf
0(S2d) whose image in Md is θL.
It can also be shown that the G-invariant
θtop ∈ H0(G;E0A(B(U(1)⊗ L)
V ))
is truly topological in the sense that it is the representative in the E2-term of the
spectral sequence
H0(G;E0A(B(U(1)⊗ L)
V ))⇒ tmf0(B(U(1)⊗ L)V ),
of an element in tmf0(B(U(1)⊗L)V ). I don’t know of a direct construction of these
truly topological theta series.
5.4. An analytic proof of Theorem 5.10
The analytic interpretation of the proof of Theorem 5.10 establishes the result
in the form
Res∆=0
θL(q)
∆k
d∆
∆
≡ Resq=0
θL(q)
∆k
dq
q
≡ 0 mod 24. (5.13)
The equivalence of (5.11) with (5.13) follows easily from the facts
c4 ≡ 0 mod 24,
d∆
∆
≡
dq
q
mod 24.
Set u = e2πiz, and for a vector µ ∈ L let
φµ(z, τ) =
∑
ℓ∈L q
1
2
〈ℓ,ℓ〉u〈µ,ℓ〉
σ(q, u)〈µ,µ〉
,
where
σ(q, u) = u
1
2 (1− u−1)
∞∏
n=1
(1 − qnu)(1− qnu−1)
(1 − qn)2
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is the Weierstrass σ-function. It is immediate from the definition that
φµ(−z, τ) = φµ(z, τ),
and it follows from the modular transformation formula for θ that for
m,n ∈ Z,
(
a b
c d
)
∈ SL2(Z),
the function φµ(z, τ) satisfies
φµ(z +mτ + n, τ) = φµ(z, τ), (5.14)
φµ
(
z
cτ + d
,
aτ + b
cτ + d
)
= (cτ + d)d/2 φµ(z, τ). (5.15)
These identities are equivalent to saying that if we write, with x = 2πiz,
φµ(z, τ) = x
−〈µ,µ〉
(
φ(0)µ + φ
(2)
µ x
2 + . . .
)
,
then φ
(2k)
µ is a modular form of weight d/2 + 2k.
It is the term φ
(2)
µ that stores the information about the (2d + 4)-cells of the
spectrum B(U(1)⊗ L)V . A little computation shows that
φ(2)µ = θµ −
〈µ, µ〉
24
θL, (5.16)
where
θµ =
∑
ℓ∈L
q
1
2
〈ℓ,ℓ〉 〈ℓ, µ〉
2
2
− 〈µ, µ〉
∑
n≥1
qn
(1− qn)2
.
Because of (5.15), the expression
φ
(2)
µ
∆k
dq
q
is a meromorphic differential on the projective j-line. It’s only pole is at q = 0. It
follows that2
Resq=0
φ
(2)
µ
∆k
dq
q
= 0,
and hence
Resq=0
θµ
∆k
dq
q
=
〈µ, µ〉
24
Resq=0
θL
∆k
dq
q
. (5.17)
To deduce (5.13), define
p : L⊗ Z/2→ Z/2
2I learned this trick from Borcherds, who told me he learned it from a referee.
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by letting p(µ) be the value of (5.17) reduced modulo 2. The left hand side of (5.17)
shows that p does in fact takes its values in Z/2. Making use of the symmetry
ℓ 7→ −ℓ, it also shows that p is linear. The right hand side shows that p is quadratic
with underlying bilinear form
p(µ1 + µ2)− p(µ1)− p(µ2) = 〈µ1, µ2〉
1
12
Resq=0
θL
∆k
dq
q
.
It follows that
〈µ1, µ2〉
1
12
Resq=0
θL
∆k
dq
q
≡ 0 mod 2.
Since L is unimodular, there are vectors µ1 and µ2 with
〈µ1, µ2〉 = 1
and so
1
12
Resq=0
θL
∆k
dq
q
≡ 0 mod 2.
This is (5.13).
6. Topological modular forms as cobordism invari-
ants
6.1. The Atiyah-Bott-Shapiro map
As described in §2, the part of the homotopy groups of spheres that is best
understood geometrically is the part that is captured by KO-theory. The geometric
interpretations rely on the fact that all of the corresponding framed cobordism
invariants can be expressed in terms of invariants of Spin-cobordism. From the
point of view of topology what makes this possible is the factorization
S0 → MSpin→ KO
of the unit in KO-theory, through the Atiyah-Bott-Shapiro map MSpin → KO.
The Atiyah-Bott-Shapiro map is constructed using the representations of the spinor
groups, and relies on knowing that for a space X , elements of KO0(X) are repre-
sented by vector bundles over X . It gives a KO-theory Thom isomorphism for
Spin-vector bundles, and is topological expression for the index of the Dirac opera-
tor. Until recently it was not known how to produce this map by purely homotopy
theoretic means.
The framed cobordism invariants coming from tmf cannot be expressed di-
rectly in terms of Spin-cobordism. One way of seeing this is to note that the group
π3MSpin is zero. The fact that the map
π3S
0 → π3 tmf
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is an isomorphism prevents a factorization of the form
S0 → MSpin→ tmf .
In some sense this is all that goes wrong. Let BO〈8〉 be the 7-connected cover
of BSpin, and MO〈8〉 the corresponding Thom spectrum. We will see below that
there is a factorization of the unit
S0 →MO〈8〉 → tmf .
There is not yet a geometric interpretation of tmf0(X), so the construction of
a map MO〈8〉 → tmf must be made using homotopy theoretic methods. The key
to doing this is to exploit the E∞-ring structures on the spectra involved.
6.2. E∞-maps
The spectra MO〈8〉, MSpin, tmf and KO are all E∞-ring spectra, and from
the point of view of homotopy theory it turns out easier to construct E∞ maps
MSpin→ KO and MO〈8〉 → tmf
than merely to produce maps of spectra. In fact the homotopy type of the spaces
of E∞-maps
E∞ (MO〈8〉, tmf) and E∞ (MSpin,KO)
can be fairly easily identified using homotopy theoretic methods. In this section I
will describe their sets of path components.
A map φ : MSpin → KO determines a Hirzebruch genus with an even char-
acteristic series Kφ(z) ∈ Q[[x]]. Define the characteristic sequence of φ to be the
sequence of rational numbers
(b2, b4, · · · )
given by
log (Kφ(z)) = −2
∑
n>0
bn
xn
n!
.
We use this sequence to form the characteristic map
π0E∞ (MSpin,KO)→ {(b2, b4, · · · ) | b2i ∈ Q}
from the set of homotopy classes of E∞ maps MSpin→ KO to the set of sequences
of rational numbers.
Let Bn denote the n
th Bernoulli number defined by
x
ex − 1
=
∑
n≥0
Bn
xn
n!
.
The following result is due to Matthew Ando, myself, and Charles Rezk:
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Theorem 6.18 The characteristic map
π0E∞ (MSpin,KO)→ {(b2, b4, · · · ) | b2i ∈ Q}
gives an isomorphism of π0E∞ (MSpin,KO) with the set of sequences
(b2, b4, b6, . . . )
for which
i) bn ≡ Bn/2n mod Z;
ii) for each odd prime p and each p-adic unit c,
m ≡ n mod pk(p− 1)
=⇒ (1− cn)(1 − pn−1)bn ≡ (1− c
m)(1− pm−1)bm mod p
k+1;
iii) for each 2-adic unit c
m ≡ n mod 2k
=⇒ (1− cn)(1 − 2n−1)bn ≡ (1− c
m)(1 − 2m−1)bm mod 2
k+2.
Remark 6.19 By the Kummer congruences, the sequence with b2n = B2n/(4n)
comes from an E∞-map MSpin→ KO. The associated characteristic series is
x
ex/2 − e−x/2
=
x/2
sinh(x/2)
and the underlying map of spectra coincides with the one constructed by Atiyah-
Bott-Shapiro. Theorem 6.18 therefore gives a purely homotopy theoretic construc-
tion of this map.
We now turn to describing the set of homotopy classes of E∞ maps
MO〈8〉 → tmf .
Associated to a multiplicative map MO〈8〉 → tmf is a characteristic series of the
form
Kφ(z) =
∑
a2nz
2n a2n ∈ Q[[q]]
which is well-defined up to multiplication by the exponential of a quadratic function
in z. We associate to such a series, a sequence
(g4, g6 · · · ) g2n ∈ Q[[q]] (6.20)
according to the rule
log (Kφ(z)) = −2
∑
n>0
gn
xn
n!
.
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For n > 2 the terms gn is independent of the quadratic exponential factor, and
is the q-expansion of a modular form of weight n (see [27, 6]). This defines the
characteristic map
π0E∞ (MO〈8〉, tmf)→ {(g2, g4, · · · ) | g2n ∈M2n ⊗Q} .
Following Serre [52] let G2k denote the (un-normalized) Eisenstein series of
weight 2k
G2k = −
B2k
4k
+
∑
n>0
σ2k−1(n)q
n, σ2k−1(n) =
∑
d|n
d2k−1,
and for a prime p, let G∗2k be the (un-normalized) p-adic Eisenstein series
G∗2k = −(1− p
2k−1)
B2k
4k
+
∑
n>0
σ∗2k−1(n)q
n, σ∗2k−1(n) =
∑
d|n
(d,p)=1
d2k−1.
We will also need the Atkin (U) and Verschiebung (V ) operators on p-adic modular
forms of weight k (See [52, §2.1]). For a p-adic modular form
f =
∞∑
n=0
anq
n
of weight k, one defines
f |U =
∞∑
n=0
apnq
n f |V =
∞∑
n=0
anq
pn.
Finally, we set
f∗ = f − pk−1f |V.
(This gives two meanings to the symbol G∗2k, which are easily checked to coincide.)
Proposition 6.21 The image of the characteristic map
π0E∞ (MO〈8〉, tmf)→ {(g2, g4, · · · ) | g2n ∈M2n ⊗Q}
is the set of sequences (g2n) satisfying
i) g2n ≡ G2n mod Z
ii) For each odd prime p and each p-adic unit c,
m ≡ n mod pk(p− 1) =⇒ (1− cn)g∗n ≡ (1− c
m)g∗m mod p
k+1,
iii) For each 2-adic unit c,
m ≡ n mod 2k =⇒ (1 − cn)g∗n ≡ (1 − c
m)g∗m mod 2
k+2.
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iv) For each prime p, g∗m|U = g
∗
m.
The characteristic map is a principle A-bundle over its image, where A is a group
isomorphic to a countably infinite product of Z/2’s.
Remark 6.22 The group A occurring in the final assertion of Proposition 6.21 can
be described explicitly in terms of modular forms. The description is somewhat
technical, and has been omitted.
By the Kummer congruences, the sequence of Eisenstein series (G4, G6, · · · )
satisfy the conditions of Proposition 6.21. The corresponding characteristic series
can be taken to be
z/2
sinh(z/2)
∏
n≥1
(1− qn)2
(1 − qnez)(1− qne−z)
,
and the genus is the Witten genus φW [57, 49, 21]. This gives the following corollary,
which was the main conjecture of [?].
Corollary 6.23 There is an E∞-map MO〈8〉 → tmf whose underlying genus is
the Witten genus.
Remark 6.24 This refined Witten genus is only specified up to action by an el-
ement of the group A occurring in Proposition 6.21. It looks as if a more careful
analysis could lead to specifying a single E∞-map MO〈8〉 → tmf, but this has not
yet been carried out.
6.3. The image of the cobordism invariant
The existence of a refined Witten genus has an application to the theory of
even unimodular lattices. The following two results are due to myself and Mark
Mahowald.
Theorem 6.25 Let MO〈8〉 → tmf be any multiplicative map whose underlying
genus is the Witten genus. Then the induced map of homotopy groups π∗MO〈8〉 →
π∗ tmf is surjective.
Combining this with Proposition 5.12 then gives
Corollary 6.26 Let L be a positive definite, even unimodular lattice of dimension
2d. There exists a 7-connected manifold ML of dimension 2d, whose Witten genus
is the θ-function of L, i.e.
φW (M) = θL.
In case L is the Leech lattice, the existence of ML gives an affirmative answer
to Hirzebruch’s “Prize Question” [21].
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6.4. Spectra of units and E∞-maps
The proofs of Theorems 6.18 and 6.21 come down to understanding the struc-
ture of the group of units in KO0(X) and tmf0(X).
For a ring spectrum R, let Gl1 (R) be the classifying space for the group of
units in R-cohomology:
[X,Gl1 (R)] = R
0(X)×.
If R = {Rn, tn}, then Gl1 (R) is part of the homotopy pullback square
Gl1 (R) −−−−→ R0y y
π0R
× −−−−→ π0R.
(6.27)
When R is an A∞-ring spectrum, Gl1 (R) has a classifying space BGl1 (R). When
R is E∞, then Gl1 (R) is an infinite loop space, i.e. there is a spectrum gl1 (R) with
gl1 (R)0 = Gl1 (R) (and gl1 (R)1 = BGl1 (R)). The space BGl1 (S
0) is the classifying
space for unoriented stable spherical fibrations, and the map
BO〈8〉 → BGl1 (S
0) (6.28)
whose associated Thom spectrum is MO〈8〉, is an infinite loop map. More specifi-
cally, let bo〈8〉 be the 7-connective cover of the spectrum KO. Then(
Σ−1bo〈8〉
)
1
= BO〈8〉,
and there is a map of spectra
Σ7bo〈8〉 → gl1 (S
0)
for which the induced map
(
Σ−1bo〈8〉
)
1
→
(
gl1 (S
0)
)
1
becomes (6.28).
The following result is what makes it easier to construct E∞-maps than merely
maps of spectra.
Proposition 6.29 The space E∞(MSpin,KO) is canonically homotopy equivalent
to the space of factorizations
gl1 (S
0) //

gl1 (S
0) ∪ CΣ−1bo〈4〉
vvm
m
m
m
m
m
m
gl1 (KO),
and the space E∞(MO〈8〉, tmf) is canonically homotopy equivalent to the space of
factorizations
gl1 (S
0) //

gl1 (S
0) ∪ CΣ−1bo〈8〉
vvm
m
m
m
m
m
m
gl1 (tmf).
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6.5. The Atkin operator and the spectrum of units in tmf
Proposition 6.29 emphasizes the important role played by the spectrum of
units gl1 (tmf) and gl1 (KO). Getting at the homotopy type of these spectra uses
work of Bousfield [13] and Kuhn [31]. Fix a prime p let K(n) denote the nth Morava
K-theory at p, and
LK(n) : Spectra→ Spectra
the localization functor with respect toK(n) (see [46, 48]). Bousfield (in case n = 1)
and Kuhn (in case n > 1) construct a functor
ΣK(n) : Spaces→ Spectra
and a natural equivalence of ΣK(n)(E0) with LK(n)E. The spectrum Σ
K(n)(X)
depends only on the connected component of X containing the basepoint. In the
special case of an E∞-ring spectrum E it gives (because of (6.27)) a canonical
equivalence
LK(n) gl1 E ≈ LK(n)E,
which, when composed with the localization map gl1 E → LK(n) gl1 E, leads to a
“logarithm”
logEK(n) : gl1 E → LK(n)E.
Bousfield showed that for KO, the logarithm
logKOK(1) : gl1 KO→ LK(1)KO = KOp
becomes an equivalence after completing at p and passing to 2-connected covers.
Charles Rezk has recently shown that for a space X , the map
logKOK(1) : KO
0(X)× → KO0p(X)
is given by the formula
1
p
log
(
ψp(x)
xp
)
.
This equivalence between the multiplicative and additive groups of K-theory was
originally observed by Sullivan, and proved by Atiyah-Segal [9].
In the case of tmf, Paul Goerss, Charles Rezk and I have shown that the
Bousfield-Kuhn logarithms leads to a commutative diagram
gl1 tmf
logtmf
p
−−−−→ tmfpy y
LK(1) tmf −−−−→
1−U
LK(1) tmf
(6.30)
which becomes homotopy Cartesian after completing at p and passing to 3-connected
covers. The spectrum tmfp is the p-adic completion of tmf, and the map log
tmf
p has
a description in terms of modular forms, but to describe it would take us outside
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the scope of this paper. The spectrum LK(1) tmf is the topological analogue of the
theory of p-adic modular forms of Serre [52] and Katz [30], and the map U is the
topological Atkin operator. One noteworthy feature of this square is that it locates
the Atkin operator in the theory of all modular forms (and not just p-adic modular
forms). Another is that it connects the failure of logtmfp to be an isomorphism with
the spectrum of U . For example, let F denote the fiber of
gl1 tmfp
logtmf
p
−−−−→ tmfp .
By the square (6.30)
π23F =
{
Zp p = 691
Zp ⊕ Zp/(τ(p)− 1) p 6= 691,
where τ is the Ramanujan τ function, defined by
q
∞∏
n=1
(1− qn)24 =
∞∑
k=1
τ(k)qk.
For p 6= 691 the torsion subgroup of π23F has order determined by the p-adic
valuation of (τ(p)−1). The only primes less that 35, 000 for which τ(p) ≡ 1 mod p
are 11, 23, and 691. It is not known whether or not τ(p) ≡ 1 mod p holds for
infinitely many primes.
The fiber of logtmfp seems to store quite a bit of information about the spectrum
of the Atkin operator and p-adic properties of modular forms. Investigating its
homotopy type looks like interesting prospect for algebraic topology.
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